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Abstract
We show that if κ is an infinite cardinal with the discrete topology, and f :κ∗ → X is a continuous
map such that each fiber has cardinality less than 2c, then the weight of X is 2κ .
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In this note, we are interested in the properties of images of Stone– ˇCech remainders of
discrete spaces under mappings whose fibers satisfy some cardinality restriction. We show,
for example, that if each fiber of a function f :ω∗ → X has size less than 2c, then X has
weight c. This result, while trivial if the Continuum Hypothesis is assumed, is less so if
CH is not assumed. Our main purpose is to discuss some questions involving images of
Stone– ˇCech remainders of discrete spaces.
1. Preliminaries and background
All given spaces are assumed to be Tychonoff. If X is a space, its Stone– ˇCech compact-
ification is denoted βX, and its Stone– ˇCech remainder βX \X is denoted X∗. All cardinals
will be assumed to have the discrete (not the order) topology.
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<κ
κ
}
-to-one if for each y ∈ Y , 1  |f −1{y}|
{ =κ
<κ
κ
}
. The function f :X → Y is finite-to-
one if it is < ω-to-one.
Example 1.1. Let X̂ = [0,1] ×LEX 2 be the double-arrow space and let X = X̂ \
{(0,0), (1,1)}. Define f1 :X → [0,1] by f1(x, y) = x. Then f1 is easily seen to be contin-
uous. Furthermore, f1 is almost 2-to-one; if y ∈ (0,1), then |f −11 {y}| = 2, but the inverse
image of each of the endpoints 0 and 1 has just one element. However, if f2 : [0,1] → S1
(where S1 is the unit circle {p ∈R2: ‖p‖ = 1}) is defined by f2(x) = exp(2π ix), then the
composition f = f2 ◦ f1 :X → S1 is 2-to-one. Notice that f is irreducible. Therefore, it is
possible for a 2-to-one continuous function with compact domain to be irreducible and to
map a zero-dimensional space of weight c onto a connected space of countable weight.
For some spaces X and some values of κ , there does not exist a κ-to-one continuous
function f :X → Y for any choice of Y . A trivial example is that if X is a finite space
and n is a positive integer, then there exists a space Y and an n-to-one (continuous) func-
tion f :X → Y function if and only if |X| divides n. Non-trivial examples were given by
Harrold [3], who proved that there is no 2-to-one continuous function f : [0,1] → Y , and
Mioduszewski [5] who proved that there is no 2-to-one continuous function f :R→ Y .
(In fact, Heath showed in [4] that every 2-to-one function f :R→ Y has infinitely many
discontinuities.)
Another type of situation can occur in which there are κ-to-one continuous functions
f :X → Y defined on a space X, but given any such function, the space Y is determined
up to homeomorphism. For example, if X is a finite space and n is an integer such that |X|
divides n, then if f :X → Y is an n-to-one function, Y is the space with |X|
n
elements. For
another example, we note that if S1 denotes the unit circle, then the function f : [0,1) → S1
given by f (x) = exp(4π ix) is 2-to-one and continuous. Mioduszewski proved in [5] that
if f : [0,1) → Y is 2-to-one and continuous, then Y is homeomorphic to S1.
We are concerned with finite-to-one images of κ∗ where κ is an infinite cardinal, and,
in particular, with n-to-one images of ω∗ where n is a positive integer. We first observe
that for n ∈ ω, n  1, the space ω∗ is homeomorphic to ω∗ × n, so the projection map
f :ω∗ × n (≈ ω∗) → ω∗ given by f (p, k) = p shows that there are n-to-one continuous
functions defined on ω∗. The question which we are unable to answer, and which is the
topic of this note, is whether every n-to-one image of ω∗ is homeomorphic to ω∗.
2. Images of ω∗ under 2-to-one functions
It is well known that if Y is homeomorphic to ω∗, then Y has the following properties:
(1) Y is a compact Hausdorff space.
(2) Y has no isolated points.
(3) Y has weight c.
(4) Y is zero-dimensional.
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in Y .
(6) Y is an F-space, that is, disjoint cozero-sets of Y have disjoint closures in Y .
A space satisfying conditions (1) through (6) is called a Parovicˇenko space because of
a famous theorem of Parovicˇenko [6] which asserts that assuming the Continuum Hypoth-
esis, ω∗ is characterized as the only space Y having these properties. If we are interested
in whether or not n-to-one continuous images of ω∗ are homeomorphic to ω∗, we should
investigate which of properties (1) through (6) are satisfied by spaces Y which are images
of ω∗ under n-to-one continuous functions. If Y is such a space, obviously Y is compact
Hausdorff so condition (1) is satisfied; since finite-to-one maps clearly preserve the prop-
erty of having no isolated points, condition (2) is also satisfied. The focus of the following
discussion is condition (3).
Assuming CH, it is clear that if |X| > c and f :X → Y is finite-to-one, then the weight
of Y is at least c, because the only other possibility would be that the weight of Y is ω and
a space of weight ω has at most c points; a finite-to-one function cannot map an infinite
set onto a set of smaller cardinality. In particular, assuming CH, every image of ω∗ under a
finite-to-one continuous function has weight c. We wish to eliminate the set-theoretic hy-
pothesis from this assertion. Since it is simple to do so, we will also replace the assumption
that the function is finite-to-one with the assumption that the function is < 2c-to-one.
Lemma 2.1. Suppose that κ is an infinite cardinal and f :κ∗ → Y is a continuous < 2c-
to-one function. Then there exists an integer n 1 such that f is  n-to-one. In particular,
if f :κ∗ → Y is a continuous finite-to-one function, then there exists an integer n > 1 such
that f is  n-to-one.
Proof. Suppose f :κ∗ → Y is a continuous < 2c-to-one function. If y ∈ Y , then f −1({y})
is a closed subset of κ∗. Since infinite closed subsets of κ∗ have cardinality at least 2c
(see [2]), if |f −1({y})| < 2c, then f −1({y}) if finite. Therefore, if every fiber has cardinal-
ity less then 2c, then every fiber is finite.
Having shown that f is finite-to-one, we must prove that there exists an integer n 1
such that f is  n-to-one. Suppose to the contrary that for each n ∈ ω, there exists yn ∈ Y
such that |f −1({yn})| > n. Since f is finite-to-one, the set {yn: n ∈ ω} is infinite, so it
contains an infinite discrete subset. Therefore, we may assume without loss of generality
that {yn: n ∈ ω} is discrete. Again using the fact that f is finite-to-one, it follows that the
set D =⋃n∈ω f −1({yn}) is countable and discrete. In particular, D is C∗-embedded in κ∗
so disjoint subsets of D have disjoint closures. For n ∈ ω let f −1({yn}) = {xn0 , xn1 , . . . , xnrn}
(where rn  n for each n), and let En = {xnn, xn+1n , xn+2n , . . .}. Let E∗n = Clκ∗ En \ En.
(Since En is C∗-embedded in κ∗, there is no conflict with the standard notation.) Then
m = n implies that E∗m and E∗n are disjoint, but by continuity of f , f (E∗m) = f (E∗n),
contradicting the assumption that f is finite-to-one. 
Lemma 2.2. Suppose κ is an infinite cardinal. Let {Aλ: λ < κ} be a pairwise disjoint
collection of infinite subsets of κ and for each λ < κ let A∗λ = Clβκ Aλ \ κ . If D is a subset
of κ∗ such that D ∩ A∗ is C∗-embedded in A∗ for each λ < κ , then D is C∗-embeddedλ λ
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each λ < κ , then D is C∗-embedded in κ∗.
Proof. Suppose f ∈ C∗(D). For each λ < κ , let f #λ :A∗λ → R be a bounded continuous
extension of f  (D ∩ A∗λ). Since A∗λ is compact, it is C∗-embedded in Clβκ Aλ, so f #λ
extends to fλ ∈ C∗(Clβκ(Aλ)). Let F ∈ C∗(βκ) be the Stone extension of any bounded
function F :κ → R which agrees with fλ on the set Aλ for each λ < κ . Then F is a
continuous extension of f . 
It is well known that a continuous function whose domain is a compact space cannot
map onto a space of larger weight. We saw in Example 1.1 that even a 2-to-one contin-
uous function whose domain is a compact space can have an image of smaller weight.
We are now ready to show that if κ is an infinite cardinal, then the image Y of κ∗ under
a < 2c-to-one continuous function has weight 2κ . The reason will be that Y contains a copy
of κ∗ (or, equivalently, a copy of βκ).
Proposition 2.3. Suppose κ is an infinite cardinal and f :κ∗ → Y is a < 2c-to-one contin-
uous function. Then Y contains a homeomorphic copy of κ∗. In particular, the weight of Y
is 2κ .
Proof. Suppose that κ , f , and Y are as in the statement of the proposition. By Lemma 2.1,
there is an integer n  1 such that f is  n-to-one. We prove the result using induc-
tion on n. If n = 1, then f is one-to-one and therefore a homeomorphism, and so we
are done. Assume that n > 1 and suppose inductively that if g :κ∗ → Z is  (n − 1)-to-
one and continuous, then Z contains a homeomorphic copy of κ∗. Let {Aλ: λ < κ} be
a collection of pairwise disjoint subsets of κ such that |Aλ| = κ for each λ < κ , and let
A∗λ = Clβκ Aλ \ κ . Then A∗λ is homeomorphic to κ∗ for each λ < κ . If there exists a λ < κ
such that restriction f A∗λ of f to A∗λ is  (n − 1)-to-one, then by the inductive hypoth-
esis, f (A∗λ) contains a copy of κ∗, and, hence, Y contains a copy of κ∗. Therefore, we
may assume that for each λ < κ , there exits yλ ∈ f (A∗λ) such that |f −1({yλ}) ∩ A∗λ| = n,
say f −1({yλ}) ∩ A∗λ = {xλ1 , . . . , xλn }. For k = 1, . . . , n, let Dk = {xλk : λ < κ}, and let
D =⋃nk=1 Dk . Notice that D is discrete and that each of the sets Dk has cardinality κ .
By Lemma 2.2, D is C∗-embedded in κ∗. Therefore, if D∗k = Clκ∗ Dk \ Dk , then each set
D∗κ is homeomorphic to κ∗. Hence, we are done if we can show that the restriction of f to
at least one of the sets D∗k is one-to-one. In fact, the restriction of f to each of the sets D∗k
is one-to-one. To see this, suppose that the restriction of f to D∗1 were not one-to-one.
Then there exist distinct elements x0 and x1 of D∗1 such that f (x0) = f (x1). By continu-
ity, f (D∗k ) = f (D∗1) for k = 1, . . . , n, so for k = 2, . . . , n, there exists xk ∈ D∗k such that
f (xk) = f (x0). Notice that since D is C∗-embedded in κ∗, the sets D∗k are pairwise dis-joint, so if i = j , then xi = xj . We now have n+ 1 elements of κ∗, namely, x0, . . . , xn, that
have the same image under f , contradicting the fact that f is  n-to-one. 
Of course, one consequence of Propositions 2.3 is that every < 2c-to-one continuous
image of κ∗ contains a C∗-embedded copy of ω. If f is n-to-one for some positive inte-
ger n, then a little more can be said.
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embedded in X. Suppose n is a positive integer, and f :X → Y is an n-to-one continuous
function, then every countable discrete subset of Y is C∗-embedded in Y .
Proof. Let C be a countable discrete subset of Y . Since f is finite-to-one and C is count-
able discrete, f −1(C) is a countable discrete subset of X, and, therefore, is C∗-embedded
in X. We must show that disjoint subsets of C have disjoint closures in Y . Suppose
that A and B are disjoint subsets of C, but that there exists p ∈ ClY A ∩ ClY B . For each
a ∈ A, let f −1({a}) = {a1, . . . , an}, and for each b ∈ B , let f −1({b}) = {b1, . . . , bn}. For
k = 1, . . . , n, let Ak = {ak: a ∈ A} and let Bk = {bk: b ∈ B}. By the continuity of f , each
of the 2n sets ClX Ak and ClY Bk , k = 1, . . . , n contains an element of the fiber f −1({p}).
Since f −1(C) is C∗-embedded in X, these sets are pairwise disjoint, so |f −1({p})| 2n,
contradicting the fact that f is n-to-one. 
We note that in Proposition 2.4 it is not enough that f be  n-to-one. For example, if
f is the map which identifies two non-isolated points of βω to a single point, then f is
 2-to-one, but the image of βω under f does not have the property that every countable
discrete subset is C∗-embedded.
3. Some remarks and questions
We have been unable to determine whether an image of ω∗ under a continuous n-to-one
function is homeomorphic to ω∗. In this section we look at some questions relevant to this
problem.
We saw in Example 1.1 that a 2-to-one continuous function can map a zero-dimensional
compact space onto a connected space. We do not know if this can happen if the domain
is ω∗.
Question 3.1. Suppose n is an integer, n  2, and f :ω∗ → Y is n-to-one. Is Y zero-
dimensional?
Every F-space has the property that each countable subset is C∗-embedded. Therefore,
one hope for constructing a 2-to-one continuous image of ω∗ which is not homeomorphic
to ω∗ is to find a space Y having a non-C∗-embedded countable subset C and a continuous
2-to-one functions f :ω∗ → Y . We saw in Proposition 2.4 that such a subset C cannot be
discrete. We do not know the answer to the following.
Question 3.2. Suppose that f :ω∗ → Y is 2-to-one. Is Y an F-space? Is every countable
subset of Y C∗-embedded in Y ?
A non-discrete almost-P-space X cannot be separable. Therefore, if every image of ω∗
under a 2-to-one continuous map can be shown to be homeomorphic to ω∗, then no such
image can be separable. However, the question of the existence of separable spaces which
are 2-to-one images of ω∗ remains open.
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f :ω∗ → Y ?
It might seem preposterous that Question 3.3 could have an affirmative answer. How-
ever, Eric van Douwen, in [1] produced a surprising answer to a similar question.
Example 3.4. (van Douwen [1]) There exists a separable space Y and a  2-to-one contin-
uous function f :ω∗ → Y .
Example 3.4 raises another question.
Question 3.5. Does there exist a separable space Y and a  2-to-one continuous function
f :ω∗1 → Y ? (Recall our convention that cardinals have the discrete topology.)
We remark that a separable space has weight at most c, so by Proposition 2.3, if Ques-
tion 3.5 has an affirmative answer, then 2ω1 = c. In fact, for the same reason, if there exists
a separable space Y and a < 2c-to-one continuous function f :ω∗1 → Y , then 2ω1 = c. Eric
van Douwen [1] also showed that if 2ω1 = c, then there exists a  3-to-one continuous
function from ω∗1 to a separable space.
We close with a question which can be compared to Example 1.1.
Question 3.6. Does there exist an irreducible continuous 2-to-one function whose domain
is ω∗?
Remark 3.7. (Added in proof.) Alan Dow has recently shown that under PFA, all continu-
ous two-to-one maps of ω∗ are trivial. Therefore, Question 3.1 for n = 2 and Question 3.2
have consistent affirmative answers, and Questions 3.3 and 3.6 have consistent negative
answers.
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